Abstract-In this paper, we propose high-rate distributed space-time-frequency codes (DSTFCs) to exploit maximum achievable diversity gains over frequency-selective fading channels. The proposed designs achieve full-rate for any number of cooperative nodes, and allow channel variations over multiple OFDM blocks within one DSTFC codeword. We analyze diversity gains of DSTFCs through both conditional and average pairwise error probability (PEP), and we proposes better design criteria based on one-side channel conditional PEP. We show that the difference between the frequency-selective channel orders of source-to-relay and relay-to-destination links may provide extra diversity advantages, thus additional performance gains. Through Monte-Carlo simulations, we demonstrate that proposed high-rate DSTFCs provide notable diversity advantages over existing designs.
I. INTRODUCTION
T HE performance of wireless communications is highly degraded in the presence of fading, shadowing, and multiuser interference. To overcome these limitations, cooperative diversity has been proposed [1] , [2] which extracts spatial diversity advantages in a distributed manner by creating a virtual antenna array. Relay-based cooperative communications can notably increase capacity, and this capacity gain can also be translated into reduced power for the users [3] .
To extract the spatial diversity in distributed scenarios, a number of distributed space-time codes (DSTCs) have been developed for cooperative communications over frequency-flat channels [2] , [4] , [5] . On the other hand, broadband channels exhibit frequency-selectivity and require the deployment of transceiver techniques which will handle the resulting intersymbol interference (ISI). Orthogonal frequency division multiplexing (OFDM) is a kind of multicarrier communication system where the high-rate data stream is demultiplexed and transmitted over a number of frequency subcarriers. If the subcarrier width is sufficiently small compared to the channel coherence bandwidth, a frequency-flat channel model can be assumed for each subcarrier and channel distortion can be easily compensated at the receiver. There has been a growing attention on the design of cooperative OFDM systems [6] - [8] . Seddik and Liu have proposed distributed space-frequency codes (DSFCs) assuming both decode-and-forward (DF) and amplify-and-forward (AF) relaying [7] . The proposed code structure of AF DSFC is only shown to achieve full diversity for some special cases [7] . In [6] , Zhang et al. have introduced some AF DSFCs and provided diversity analysis for arbitrary number of relay nodes and channel lengths based on some approximations. The maximal rate of AF-DSFCs proposed in both [7] and [6] is one OFDM block per two-phase cooperative OFDM transmission, which is termed as "full rate". Wang, et al. have proposed two lower-rate (i.e., less than full rate) DSFCs to combat multiple carrier frequency offsets (CFO) [8] .
Space-time-frequency codes (STFCs) [9] have been further proposed for use in cooperative OFDM systems with multiple relays over multiple OFDM blocks and multiple subcarriers [10] - [12] . Oguz et al. have proposed distributed STFC (DSTFC) for a two-user multiple-access-channel with cooperating transmitters [10] . The DSTFC design proposed by Tran et al. [11] is to improve the system performance of multi-band OFDM-based ultra-wideband communications using the cooperation of two nodes. Yang et al. have studied space-time-frequency block coding for DF relaying version [12] . All the existing DSTFC designs [10] - [12] are based on orthogonal space-time block-codes [13] , which introduce some limitations to applications. The current designs [10] - [12] only consider two cooperative nodes. In practice, usually more than two cooperative nodes are available. Therefore, extending those designs for more than two cooperative nodes is of practical concern. However, orthogonal designs [14] based approaches cannot achieve full-rate if the number of cooperative nodes is more than two. It should be also noted that orthogonal designs ensure simpler maximum-likelihood receiver; however, this requires that the channels are constant over multiple OFDM blocks, that is to say, this prevents from exploiting time diversity over multiple OFDM blocks.
To overcome the design limitations mentioned above, in this paper, we propose high-rate DSTFC for relay-based AF cooperative communications. The proposed designs achieve full-rate for any number of cooperative nodes, and allow channel variations over multiple OFDM blocks within one DSTFC codeword. Unlike the designs of AF DSFC which were based on diversity analyses using average pairwise error probability (PEP) [6] , [7] , we design AF DSFC using oneside-channel conditioned PEP based diversity analysis, which enables to shed light on code construction. In addition, we also provide some discussions on average PEP based diversity analysis for our design creteria, and show some insights on . element-wise power of for matrix A, and = exp ( 2 )
, and E (⋅) expectation over random variable or random variable set .
II. SYSTEM MODEL AND PROPOSED APPROACH We consider a wireless cooperative communication system which consists of a source node, relay nodes, and a destination node. The source node sends symbols over OFDM subcarriers per transmission. Perfect synchronization is assumed for all transmissions between different relay nodes and the destination node. One OFDM block transmission in the half-duplex cooperative-communications consists of two phases. In the first phase, the source node adds cyclic-prefix (CP) and broadcasts the OFDM block to all relay nodes. Each relay node receives the channel symbols with additive noise at that relay. During the second phase, the source node stops the transmission. All relay nodes remove the CP and process the received block, i.e., energy normalization, precoding, power-amplifying, etc. Then, all relay nodes ( = 1, ..., ) simultaneously retransmit the processed signals to the destination node .
The frequency-selective channels are modeled using widely adopted discrete symbol-spaced tap-delay-line (SSTDL) [15] . The channel between the source node and the -th relay node in the -th OFDM block experiences frequency-selective, temporally flat Rayleigh fading with channel coefficients
Similarly, the channel coefficient vector between the -th relay node and the destination node in the -th OFDM block is represented
and ( ) are the frequency-selective channel orders for source-to-relay and relay-to-destination links, respectively. The entries of h ( , ) and g ( , ) are Rayleigh fading channel gains, and are modeled as complex Gaussian with zero mean, whose variances depend on power delay profile. We assume that the channel coefficients remain constant within one OFDM block and vary independently among different OFDM blocks. We further assume channel power constraints as
denote the -th subcarrier channel gain from the source node to the -th relay node during the -th OFDM block. It is given by
where
denote the -th subcarrier channel gain from the -th relay node to the destination node during the -th OFDM block. It is given by
One DSTFC codeword is of size × × , i.e., across relays, OFDM blocks, and subcarriers. Thus, OFDM blocks contain = DSTFC codewords, and the rest of subcarriers may be padded by zero. The construction and transmission procedure for the -th DSTFC codeword, = 1, ..., , is described as follows: At the source node, a data symbol vector of size × 1, x , is encoded in source node by
where s is the source data vector carved from the signal alpha-
The matrix is designed such that, for any two different non-zero vector s (1) and s (2) , [
always holds for all = 1, ..., , where x (1) = s (1) and x (2) = s (2) . The design of can be carried out using signal-space-diversity concepts [16] , [17] . For example, can be constructed as
, where should be chosen as a power of 2, = , = exp
, where
. During the -th OFDM block, using subcarriers
, the source node transmits the sequence x ( , ) of size × 1 to the relay node. The received signal vector r ( , , ) at the -th relay node in frequency domain is given by
is the relevant complex Gaussian noise vector at the -th relay node, and
At the destination node, the received signal vector in frequency domain is
is the relevant complex Gaussian noise vector at the destination node, and
will be later discussed in Section III and Appendices A-B.
Combining (4) with (5), the received symbol vector during the -th OFDM block can be rewritten as
) . Thus, the received symbol vector for the -th DSTFC codeword is given by
, and h
) . The received vectors are fed to maximum likelihood (ML) decoder given by arg max
III. DIVERSITY ANALYSIS AND DESIGN CRITERIA
In this section, in order to analyze the diversity gains, we first derive conditional PEP of the -th codeword of the DSTFC under consideration and discuss relevant code design parameters. Second, we present an average PEP based analysis and point out the differences between average and conditional PEP based designs.
A. Conditional PEP based analysis and code design
Given the channel coefficients h ( , , ) , g
} can be performed as
) ))
Here
) , and diag
The equality in (10) is based on the assumption that the equivalent noise vectors, u ( , ) , = 1, .., , are independent.
Now we return our attention to the expression
in (9). It can be easily shown that
] ] ,
) ,
] ,
) . Using the results in Appendix A, (12) can be rewritten as
can be bounded by (14) , where the probability density function
(h) = 1
Pr
the relation (17) always holds, and thus (14) can be simplified as (18) , where the second equality in (18) 
pair.
The achievable conditional diversity order for conditional PEP in (18) is analyzed in Appendix B along with the design of a ( , , ) , where = 1, ..., and = 1, ..., . Those results are summarized in the following theorem. 
. This can be achieved through using
and
where 
B. Discussions on differences between average and conditional PEP -based designs
In Theorem 1 of [6] , it is claimed that, in the case of
(1) = ... = ( ) = , the achievable diversity for DSFCs is min { ℎ , }, which implies that, when ℎ ∕ = , (max { ℎ , } − min { ℎ , }) extra fading paths cannot provide diversity benefits for system performance. However, according to our present diversity analysis based on conditional PEP, even in the case of =
achievable diversity order of DSFC based on conditional PEP can be ( ℎ + 1). Unlike our design approach, the DSFCs were designed under average PEP based diversity analysis, the resulting was set as min ( ℎ + 1, + 1) to achieve their claimed diversity min { ℎ , }, which actually may not fully exploit available diversity in the relay frequencyselective channels.
To explain the reasons for these somehow conflicting conclusions, we provide the following remarks:
1) The full frequency diversity properties of DSTFC cannot be determined only by the numbers of paths
where the number 2 is used for counting both sides of multipath channels. The extra number of paths
may contribute to the system diversity of DSTFC.
2) The diversity analyses using one-side-channel conditional PEP leads to different DSTFC design parameters from those using average PEP. This difference introduces performance gains, which will be verified through simulations in Section IV. 3) There are two kinds of different one-side-channel conditional PEP ( source-to-relay and relay destination ). However, both one-side-channel conditional PEP based diversity analyses will lead to the same design parameters of DSTFC. 4) Note that, in [6] , it was claimed that the diversity order be limited by min ( ℎ + 1, + 1). However, we have found that the diversity limitation of min ( ℎ + 1, + 1) is only valid in frequency flat fading relay channels. In the case of
.e. in flat (nonfrequency-selective) fading channels, the numbers of paths
does fully determine conditional diversity properties of DSTFC for each OFDM block, which is coincidental with average PEP based diversity analysis of DSTC in [20] . To provide some further insights on differences between average and conditional PEP based designs, it is beneficial to also investigate diversity gains directly through deriving average PEP. Here, as an example, we only consider the case of
] ]
. We use set partitioning to categorize whether or not there exists at least one non-zero entry in g ( , ) . Adopting similar proof steps of Appendices A and B and using { a ( , , )
} specified in Theorem 1, the following relations can be proved:
, we have
To remove the conditions of channel
, and g is the probability density function of g. (28) can be rewritten as the form of discrete summations
where Δg is the discrete multiple integration unit area. It is useful to derive the inequality (30), where { } are non-zero eigenvalues of
defined in (31), g is symbol signal-to-noise ratio (SNR) conditioned on g, and is some positive constant depending on the system structure.
. Using (25), (26), and (30), (27) can be bounded as
for
) and
, where ( ,g,1) and ( ,g,2) are two positive values conditioned on g. In high
dominate t ( , g ,1) and t ( , g ,2) instead of ( ,g,1) and ( ,g,2) , respectively. Using (25), (26), (32), and (33), we have the following observations: If g ∕ = 0, we have ( ,g,1) > ( ,g,2) and
, and the slope for log ( t ( , g ,1) ) versus SNR conditioned on g is larger than that for log ( t ( , g ,2) ) versus SNR conditioned on 2) , it means that communication links from relay nodes to the destination node are completely disconnected (which usually happens at very low probability), and DSTFC cannot provide any help in this case.
Using the above mentioned results, we conclude that the freedom order for average PEP (28) or (29) 
IV. SIMULATION RESULTS AND DISCUSSIONS
In this section, we present Monte-Carlo simulation results to demonstrate the error-rate performance of the proposed schemes. We assume that the underlying frequency-selective channels follow uniform power delay profile, and remain constant within a fixed integer number of OFDM blocks, denoted as the channel change interval ( ), and change independently from one block to another block. The following are further assumed in all simulations:
• 1 = and
= .
• CCIs for source-to-relay and relay-to-destination channels are equal to 1.
• Before DSTFC precoding, data symbols are modulated using 4-QAM modulation. The horizontal axes of performance figures is 10 log 10 . Note the average symbol SNR is proportional to .
In Fig. 1 , for = 1 and = 2, we compare the bit error rate (BER) performance of our proposed DSFC with that proposed in [6] 1 . From Figure 1 , it is observed that,
• The performance of DSFC for the case of ℎ = = 2 is worse than that for the cases of ( ℎ = 5) > ( = 2) and ( ℎ = 2) < ( = 5), • The performance of DSFC for the case of ( ℎ = 5) > ( = 2) is better than that for the case of ( ℎ = 2) < ( = 5), • The performance of DSFC for the case that is set to at least ( ℎ + + 1) is better than for the case that is set to at least min { ℎ + 1, + 1}. The second observation implies that the extra frequencyselective order for source-to-relay paths provided stronger diversity advantages over that for relay-to-destination paths. This phenomenon incurs due to the existing relay noises, and thus we would provide the following conjecture: As mentioned in Section III, the authors of [6] have stated that the achievable diversity order based on average PEP is min { ℎ + 1, + 1}, and the corresponding minimum is set to be at least min { ℎ + 1, + 1}. However, according to our results based on the conditional PEP bound in Section III, we have stated that the achievable diversity order based one-side-channel conditional PEP is max { ℎ + 1, + 1}, and the corresponding minimum is set to be at least ( ℎ + + 1). Observations from Fig. 1 support our statements. For = 1 and = 1, DSTFC becomes frequency-only coding, which can be termed as distributed frequency code (DFC). In Fig. 2 , we investigate the BER performance of DFC under different frequency-selective channel conditions. It is observed that, is worse than that for the cases of ( ℎ = 6) < ( = 9) and ( ℎ = 9) > ( = 6), • The performance of DFC for the case of ( ℎ = 9) > ( = 6) is better than that for the case of ( ℎ = 6) < ( = 9),
The above results for single relay-case further confirm our diversity analysis in Section III. Figure 3 illustrates performance comparisons between DSTFC and DSFC approaches. In time-varying channels (i.e, channel changes from one OFDM block to another), the proposed DSTFC demonstrates significant performance gains over DSFC at the price of longer decoding delay and higher computational complexity. In Fig. 4 , the BER performances of DSTFC under different channel conditions are compared, which further confirms that, the channel order differences between source-to-relay and relay-to-destination may contribute to extra gains in diversity performance as discussed in Section III.
V. CONCLUSION
We have proposed high-rate distributed space-timefrequency coding for AF OFDM-based cooperative relay networks over frequency-selective fading channels. Using both conditional and average pairwise error probability, we have analyzed DSTFC diversity performance in block time-varying frequency-selective fading channels and pointed out the significant differences between diversity performance in frequencyselective channels and that in frequency-flat fading channels. Such observations help obtain better design criteria for DSTFCs. We have shown that high-rate DSTFC may significantly outperform high-rate DSFC due to efficient exploitation of time diversity over multiple OFDM blocks.
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Provided that Δ ( ) is to be full rank, i.e., rank ( Δ ( ) ) = , the following holds
where B = g Φ h .
A. Investigation of B
Note that matrix B can be calculated as B = diag ( B (1) , ..., B
. We know that R h ( , ) , = 1, ..., , = 1, ..., , are positive definite Hermitian matrices, thus all diagonal entries of R h ( , ) are non-zero, so are Φ h (1, ) , = 1, ..., , = 1, ..., .
B. Investigation of M ( )

Recall that
( a ( , , ) ) Ω ( , ) . We thus know that
) . To maximize the rank of M ( ) , it is necessary to maximize the rank of each M ( , ) , respectively. This requires to properly design a ( , ) .
Recall that
] . ( 1 + 2) , where recursive way, it can be proven that any two vectors within the set
To achieve the achievable rank provided in ( 
